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Vibrations
of Non-Linear Discrete Systems

1l: '

Ziembe, S. On the certain properties of systems yith
the strong non-linearity, (In Polish) .

0 pewnych wlasnosciach ukiadow o silneh nieliniowosei.
Biul.Wojsk.Akad Techn. No 30/47/, 1955.

In this paper the author discusses the typlcal
properties of the linear systems with one degree of
freedom. The four cases of free and forced vibrations
both damped and undamped are described. In the section
of non-linear systems there are analyzed the equations
of phase trajectories, the method of isoclines and the
"sewing" method.

The last part of the paper deals with quasi-
linear systems and nonllinear vibratlons with "small
amplitude”.

e:

Ziemba, S. The influence of mass nte iction
on free torsicnal vibrations of a bar, (In Polish) .

Wpiyw masy wZasneh preta i tarcia wewng trznego na
swobodne drgania skretne. Arch.Mech.Stos. IX, 1/157.
In introduction there are reminded the basic
differential equations of torsional vibrations of bar.
The author gives the formulae for the period of
vibrations and mentlons that torsional vibratlons of
cylindrical bar are used for determining the modulus
of elasticity and for purposes of measuring or comparing
the damping properties of various materials.
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Then the differential equatlon of torsional vibrations
of the bar with variable cross-sectlons is ceduced.
Internal friction and the mass of the bar ls taken
accurately into consideration. The torsional vibrations
are treated as vibrations of an infinite nunber of degrees
of freedcm. In the second part of the parecr are
considercd the free vibrations of cylindriczl zhaft
with internal and exivernal damping. There ere discussed
the vayxrious casesg of different boundary concditions:
with free ends (without masses aitached and without forces‘)
and with onec fixed and the other remaining free,

3
Skowronski, J. M. Lipear damuing of a siosie impulge

by_a. pon-linger shock sbaorbing sustem. {In Polish) .

Linlowe tZumienie.niclinioweh amoriyzacjl pojedyriczego
impulsu. Rozprawy Inz. Vol. X. CII. 1957, 1.
See also Zentralblatt 84 Band. Heft 1, S. 201,

After discuséing the design problems of the shock-
absorbing system considered, and also physical assumptions
and the scope of investigation, a model of the system
is established with the corresponding equation of motion.
The existing results of the qualitative analysis of case
under consideration are summarized. Tnen, the author
passes to a description of approximate methods of
quantitative analysis for each particular range of
damping parameters and elastlc characteristic of the
rigid type. The cailculations are accompanied by
numerical examples. On the basis of approximate
equations of phase trajectorles, the discussion is entered
into the character of danping and the alternating motion
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of the shock-absorbing system depending on various
damping parameters and elastics characteristic. A
numerical example of a motion like that for various
values of these parameters is included. Attention is
drawn to the necessity of an analysis of that kind for
the designer of the shock-absorbing system in every
case of design. This is necessary for selecting the
optimum values of parameters.

4

Zienba, S. .The influence of deafing coverings on the
—vibrations. (In Polish ). |

WpZyw pokryc giuszacych na drgania.
Biul.Wohsk,Akad.Techn.Vol.VI Mp 2 {73)1957.

The author considers the scheme of the collaboration

of damping coverings and elements are being covered.
Some data for the choosing the place and for the manner
of using the damping coverings are defined. The
directive results for the proofs and for the evaluation
‘of damping properties of different kinds of pastes

had been obtaiped. '

5:
Ziemba, S. |_methods ]
e es on-line e vibrations o
| s 2 degree of freedom. ,(In Polish).
Hykreslne metody wyznaozania tradektoril fzowych nieliniowysh

drsan swobodnych ukZadow mechanicznych o jednym stopniu
swobody. Biul.WAL, Mp 3. {957.

The author exhibits the method of plotting the
phase trajectories of differential equations of form

X 4 h(x)?ﬁ) y £(x) =0 (5)
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Seven different cases are considered. The purpose
of this paper is to illustrate the certain succesive
way of finding the graphical construction of phase
trajectories for more complicated cases of equations (5).

6:
Ziemba, S. Dry rgigtion vibration damping. (In Engush)
0 tZumieniu drgan przez tarcie suche,

Arch.Mech.Stos. Vol. IX, 1957, z, 3.

See Appl.Mech.Rev.Vol. XI No, 1958. Rev. 1985,

The paper deals with the proper treatment of the
dry friction on the dependency of velocity of unconstant
direction for the system of one degree of freedom.
Particulary the free vibrations damped by dry friction
are considered. Using the Lienard method of construction
of the phase trajectories the differences in treatment
of alternativity of resistance of dry friction are
illustrated by tNese trajectories,

) By the application of Lapunov's theorem on the
investigations of stability of singular points of non-
linear systems throughout the investigations of
linearized system, the problems of existing, kinds and
stability of singular points are discussed.

T .
Ziemba, S. : viscosit ing on _the
form of the tggqecgories of free vibration. (In Enslish)
wpiyw tlumienia wiskotycznego na przebieg trajektorii
drgef swobodnych. Arch.Mech.Stos.Vol.IX z.IV. 1957.

See Appl. Mech.Rev. Vol. XII No 6, 1959m Rev. 2775.
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The author introduces a pew graphical construction
of the phase trajectories for linear and non-linear
damping. This new construction is more complicated than
Lienard's method, but it shows better the influence
of the damping on the behaviour of phase trajectories.

Using this constructions the author discusses the
form of phase trajectories of vibrations with non-
linear damping for different cases of the characterietics
of damping. 1In certain cases there are shown the
phase curves which may be determined effectively. Among
them is contained the phase trajectory corresponding to
the non-linear damping. This phase trajectory has the
same form as the phase trajectories determined
effectively,

8:

Ziemba, S. h ked
Den=linear character. (In English ).

Drgania swobodne przysilnie nileliniowym tXumieniu,
Arch.Mech.Stos.VolLIX, s. 5, 1957.

In connection with linear damping of systems
with one degree of freedom of linear elastic
characteristic and with "critical damping” two kinds
of non-linear damping "hard" and "soft" are considered.
' There are presented the conclusions of Sansone
theorem for hard damping. A behaviour of the system
with comdbined linear damping and non-linear soft damping
is studied. There is shown that system of these
damping vibrations can perform the finite number of
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alternative displacements and then the system tends
asymptotically to equilibrium state in infinite time.,

g:

Ziemba, S. A 1list of the problems of mechanical
vibrations and dynamics of constructions, (In Polish).
Zestawienle problematyki z dziedziny drgan’mechanicznych
i dynamiki konstrukcji. Zeszyty Probl.Nauki Pol.XI, 1957.

The well-known notions as dynamical factor, safety
factor and permissible stresses should be revised. It
i8 caused by the fact that almost every element or
construction 1s the system which can perform the vibrating
motion and also the characteristics of materials are
non-linear. The investigations of physical properties
of solids and the fatigue strength should be continued,

10:

Skowroﬁbki, ¥. M. 2iemba, s. Application of delta
method to the investjgations in a strong non-linear

vibrating mechanical system with several degrees of.
Lreedom. (In Polish),

Zastosowanie metody delta do badania silnie nieliniowych
mechanicznych ukZedow drgajacych o kilku stopniach
swobody. Bull.WAR 1, 1958,

The purpose of this paper is the application of
delta method to the investigation of the vibrations
of the strong non-linear mechanical systems with n
degrees of freedom, dboth autonomous and nonautonomous
and with arbitrary kinds of coupiing. Tae first part
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deals with the systems of several degrees of freedom.

For the engineer engaged in this type of vibrating motion,
the delta method may be useful and practical to the
quantitative and qualitative analysis. For certain

kinds of motion of the strong non-linear systems with
several degrees of treedom)it is,perhaps for present time,
the only way of investigation of conduct of phase
trajectories. Several numerical examples of the
application of this method and certain ways of drawing
the phase trajectories and examples of finite equations
vibrating motion are given. Then the main purpose

of this paper is to popularize the known delta method.

1l: .
Ziemba, S. On certain method of investigations of
non-elastiolty of solids. (In Polish).

Opewej metodzie badania niesprqiystoibl claZ stalych,
)
Bull.WAT No. 15, 1958,

It 15 an attempt of experimentally estimating the
characteristics of internal friction of the solids in
an assumption that elastic properties are known. The
experiment contains the investigation of steady periodic
vibrations caused by known external periodic force.

Ziemba, S. v tion stems of ope 4
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Drgania swobodne ukladow o jednym stopniu swobody,

o nielinioweJ charakterystyce sprezystej 1 nielinlowym
wiskotycznym tlumieniu. Arch.Mech.Stos. Vol. X,

z 2, 1958.

The case considered in this paper is a further
development of the cases treated previously by
G. Sansone, R. Gutowskl and the present author and
contains a certain generalization of the problem of
non-linear free vibration of systems of one degree of

freedom,
13:
Skowror{ski, J. M. A _aue (s} e -
-characteristic in_the free-dam ing vibra-
8 el c . (In Polish). '

Pewne zagadnienie nieliniowe] "migkkie] charakterystyki
sprezyste w przypadku swobodnych drgan’ tzunionych

o skorfezonych amplitudach wiotkiej posZoki cylindryczned.
Czasopismo techniczne (of Cracow Technical University)
Vol. 63, 1958, 3(9)-

The problem of golution of
mx + Ix + F(x) = O

is regarded theoretically, with F (x) uncontinuous,
composed of three different strong non-linear ( soft) -
forms. The uncontinuous point of F (x} is corresponding
to the free jump phenomenon of the elastic-spring

panel. The forms of the shape of phase plane
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trajectories are regarded, especially in the region of

this incontinuity of F(x) according to a jump point,

The author obtains several concrete conclusions about

the qualitative analysis cf the system (ot phase trajectories
image ) using several special methods. The damping 1s
assumed linear. There is given the exact dlscussion of

the spring characteristic parameters towards the
constructions-synthesis of the system.

14;

Skowrofiski, J. M., Ziemba, s, Ihe problem of vibrations
-au Stems th strong nog-linearity°

(In English).

Zagadnienie drgaﬁ'periodycznych nieautonomicznyeh
uk¥addw silnie nieliniowych ¢ dowolaym sprzezeniu.
Arch.Mech.Stos, Vol, X, z. 4, 1958,

See Math.Rev., Vol. 21, No. 4, Rev, 2383,
Zentralblatt 84 Band, Heft 1, =, 201,

For the system x; = F; (x,, ---, %25 +T ) there 1s
considered a homeomorphic analytical transformation T
of Euclides phase Space into itself. It nas exhibited
the existence of maximum region invariant in relation
to this tranaformation and on the base of Brouwer
theorem the existence of fixed point and thus the
existence of periodic solutions. Some suggestions
for investigations of stability of the solutions are
given,

: 200220001-6
Declassified in Part - Sanitized Copy Approved for Release 2011/12/07 : CIA-RDP80T00246A017



Declassified in Part - Sanitized Copy Approved for Rélease 2011/12/07 : CIA-RDP80T00246A017200220001-6

®

-10 -

15:

Ziemba, S. Vibrations of mechanical systems with one
degree o freedom and genperalized forces not depending
on.an explicit manner in time. (In English).

Drgania ukiaddw mechanicznych o Jednym stopniu )
swobody, w kt6iych diZy uogolnione nie igleza wyraiﬁie
od czasu. Arch.Mech.Stos. Vol. X, z. r, 1958,

See Appl.Mech.Rev. Vol. XII, No. 10, 1956, Rev. 4960.
Math.Rev.Vol. 20, No. 10, 1959, Rev. 6815.

In this paper the general case of non-linear free
vibrations of system of one degree of freedom is
considered. Elastic characteristic is non-linear and
non-linear damping constitutes a function of both the
velocity and the deflection. There is shown the way
of investigation of vibrations by means of comparing
their trajectories with trajectories of not damped
non-linear vibration or almost linear vibration.

16:

Skowrorfski, J. M. A method of qualitative analysis of
vibration discrete systems with strong non-linearity in
the phase space, (In English).

Pewna metoda analizy Jakoééioiej silnie nieliniowych,

drggJacych ukXadow dyskretnych w prezestrzeni fazowe].
Axrch.Mech,Stos.Vol. X, z 5, 1958,

See Zentralblatt 83 Band, Heft 1., x. 83.
Math.Rev.Vol. 21, No. 8, 1960, Rev. 5300.
Appl.Mech.Rev.Vol. 12, No. 11, 1959, Rev. 5487.
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The qualitative character of the course of phase
trajectories of vibrating motion of non-autonomous
strong non-linear of n degrees of freedom system in 2n
dimensional phase space can be determined by the
discussion of hodograph of vector, on the base of tensor
field of second valency, absolute derivative of thls vector
depended on the physical characteristics of the
conasidered system. It 18 suggested the applications of
this method to the qualitative synthesis of motion of
such system.

17:

Skowror(ski, J. M.; Ziemba, S. Some complementary remarks
on the delta method for determining phase trajectories
of systems with strong non-linearity. (In English).
Pewne usupeinienia metody delta syznaczania trajektorii
fazowych drgan” uk¥addw silnie nieliniowych.
Arch.Mech.Stos.Vol.X, z 5, 1958,

See Zentralblatt 83 Band, Heft 1, s. 83,

Math.Rev.Vol. 20, No. 9, 1959, Rev, 6202.
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A manner of the control of Precision of the phase
trajectories constructed by applying the delta method
has been given. This criterion can be performed by
using the parallel construction of curve obtained by
raising the order of equation of motion. A certain
possibility of increasing the exactness of construction
by introducing the amendments is suggested,

18: ;
Ziemba, S. Simple cases of beasviour of bodles subjected to

leads, taking internal friction into consideration,

(In English).

Najprostsze przypadki zachowania sle claz sprezystych
pod wplywem obci@éen Z uwzglednienien tarcia wewng
trznego. Ksiega Jubileuszowa srof. dra inz. W,
Wierzbicklego. wW-wa 1859,

This 18 a report of theoretical investigat. ons
concerning vibration of visco-elastic bodies. It
contalns, beside the lnown solutions discussed as an
example, also solutions published for the first time,

In the I and the II part free and forced
vibration of a system with one degree of freedom is
discussed among other problems, the vibrating mass being
connected with the fixed point by means of a Maxwell
or standard linear element. The III part deals with
the propagation of waves in a viscoelastic meduim, the
equations of motion being derived for a Voigt, Maxwell
and standard lineap body. The equations obtained
constitute a basis for the considerations of the IV
part devoted to free longitudinal vibration and free and
forced flexurasl vibration of Voigt, Maxwell and
standard linear bodies.
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19:
8kawnod§ki, Jo M., Ziemba, S. The problem of boundedness
mec cal _systems. (In English). )

Sagadnienie ograniczonoﬁéi ruchu pewnych ukZaddw
mechanicznych. Proceedings of Vibration Problems
No. 2, 1959, See Appl.Mech.Rev.Vol. 13, No. 8,
1960, Rev. 3919.

A model of structure and set of equations of its
motion 18 considered. The conditions for tight hand
sides of these equations originating from assumption
of positive energy dissipstion and charecteristics .
of elasticity of system are determined.

Oon the basis of these conditions and the theorem
of Demidovitch the conditions of boundedness of
of vibrating motion are discussed. It was proved that
for accepted physical assumptions the confined motion
of system is bounded "in large! and among phase trajectories
is the limit cycle determined by initial conditions i. e,
all trajectories tend asymptotically to this limtt
cyéle in the course of time T —> oo

20: .
/
Skowronaki, J. M. 8 O e Se_space

non-linear discrete systems. (In Poltsh)

Pewne uwagi o trajektoriach w przestrzeni fazowe]
silnle nieliniowych mechanicznych, nieautonomicznych
ukiaddw dyskretnych.

Czasopismo Techniczne (of Cracow Technical Uhiversita)
Vol. 64, 1959, 2(18).
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The general discrete dynamical system is regarded.
with equations of the fomm

g+ 5(qq.t) 0 i=1,...n
with adequate 1n1tial.conditions.

wWhere _%:: %(%,...?b)

C%,, : % (%J"“l")- the n-vector in the 2n-
dimensional Euclidean Phase Space.

There are proposed some methods in the qualitative
investigations (analysis and synthesis) of regarded
systems. The author used the generalized "delta"
method, which 18 taken in the 2n-phase space, as a
qualitative method. This form of delta method was
introduced and proved by the author in the previous
papers. Several conclusions in relation to character-
istics of system are given.

2l:

Skowronski, J. M., Ziemba, S. Cextaln ovroperties of
meghanical models of structures. (In English).

Pewne wXasnosci modelu mechanicznego ustroju aprgiystego.
Arch.Math.Rev.Vol. 21, No. 8, 1960, Rev. 5325,

A model of constructed system consisting of a
set of discrete material points in three dimensional
space, connected mutually with damper and spring with
strong non-linear characteristics is considered. The
system of points presents the distribution of mass of
construction and connections corresponding to external
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and internal forces acting on the separate points of
model. Standard boundary conditions of construction are
replaced by corresponding conditions for coordinates of
fixed points of model.

The eguations of motion in Cartesian coordinates
in three dimencional space of model and in configuration
space are deduced. Potential of elzcilc forced and
combined function of dissipative and. conservative
forcen for fixed boundary condition of siructure are
descr.bed. The generallized forces scre distributed
into dissipative and ccnserveiive forces. Conditions
of existence of gencrallized Ligrange's functior nd
generalized dissipative fuacvion are given. [t was
proved that ths cheractes »f dissipetive forces
determines why the system in a dynamical form in
configuration space cof generaiized coordinates and
in phasse space are given; in »nhase space the previously
introduced dissipation of the system e interpreted.

ae:

Skoﬁrox{ski. J. M., Ziemba, S. The houndedness of the
notlon of mechanical svstems. (In English).
Orgraniczonosé ruchu ukXaddw mechanicznysh.
Proceedings of Vibrations Prodlems MNo. 3, J959.

For the general case of discrete mechanical system
with strong non-linear characteristics and arbitrary
coupling for the case of positive energy dissipation in
system and for bounded power of source of exciting forces
it was proved that mction of system is bounded.
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The proof 18 based on the theorem of Yoshizawa
in which the condition of boundedness of solutions of
equations 1s the existence of a function corresponding
to Lapunov?’s function. It was proved that for the
considered mechanical system such a function exists and
its precise form is defined.

23:
Ziemba, S. Internal friction with micro-deformations
~ taken int sideration. (In Polish).

Tarcie wewnetrzne przy uwzglednieniu mikroodksztadcén
plastycznych. Zag.Drgaﬁ’Niel‘ No. 1, 1960,

The author considerr - ¢ free vibrations in the
system of one degree of ':.e.dom and the linear elasticity
and damping characteristic depending on the velocity
and the deflection

mx + Kk x + F(x) h(%) - ©

A method for tracing the phase trajectories defined
by this equaation is given and the shape of the curves
analysed.

The character of motion is shown to be influenced
from the point of view of its alternativity by the
damping characteristic and the initial conditions; the
criteria of the alternativity of motion of a given system
have been defined.
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2l

Skowrodaki, J. M. Free yiprations of a certain mechanical
system with strong non:lin2ar damping and with two

degrees of freedgm ‘In Polish).

Drgania Swobodne pewnego ukladu mechani-zrege o 8slilnie
nieliniowym tlumieriu 1 dwdch stopniach swobody.

8ag.Drgan’ Niel. No i 1960.

The author analyses the certaln mechanical system
with two degrees of freedom and strong non-linear
characteristics. The motion of thils aystem can be
described by equations

.)21[21 + fl()il'_’;xl i.z.';"z, + k1l1‘k11KL’ 0]

Xoe [ BT &G Ay Raxa Ry ¥, T 0

with adequate initial conditions i- Sansone, and

S. Ziemba have investigated the motior. of a similar system

with one degree of freedom, It is .nteresiing to

generalize these considerations into the system regarded.
It is proved, that in the finite ne ighbourhood of

the fmdamental energy level (3% < ¢) (W 13 the total

enexrgy of the ayltem) the criteria >f the oscillatory

property of the motion of the consi lered system are

the criteria of some corresponding Linear comparative

systems .

25:

Skowrorieki, J. M., On_the possibility of the synthesis
of some strong non-linear mechanical vibrat discrete

systems. (In Polish).

0 mosliwosciach syntezy pewnych silnie nleliniowych
mechanicznych dyskretnych ukzaddw drggjacycho
Zag.Drgan’ Niel, No. 1. 1960.
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Introducing the idea of synthesis of arbitrary
mechanical system as the process for determining the
type of characteristics of this system, which can be
adequate to the arbitrary form of motion, the author
suggests for realization of this process the simultaneously
illustrative presentation of all discussed parameters
of characteristics. The author uses the delta
method which 1is alapted to this problem.

26:

Skowrod%ki. J. M. The 1nr1uencgjor damping on the
character of the strong non-linear mechanical vibrations
in the discrete systems. (In Polish).

Wptywtiumicnia na charakter drgan’ silnie nleliniowych
mechanicznych ukXadow dyskretnych. 5Sag.Drgan’ Niel.

No. 2, 1960.

Almost every technically real construction system
may be transformed to the discrete system, and
especially to systems of the finite number of degrees
of freedom. This provides the possibility of taking
into consideration more fully the necessary physical
and geometrical properties of the system concerning the
Nonlinearity, sufficiently strong in general case of
its characteristics. It is of great value because of the
great quantity of the research difficulties. There
are given the analysis and the investigation on the
possibility of the synthesis and the influence of the
positive damping on the character of motion (i.e.
conditions of an aperiodicity and a periodicity of the
vibrations), in a certain sufficiently generally
modelled freely vibrating construction system with strongly
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non-linear characteristics and strongly non-linear
arbitrary coupling. These systems are given as

the discrete systems, described by the ordinary
differential equations. The motion of these systems
is considered in the sufficiently large, arbitrary,
open and limited surrounding of the point of the steady
state equilibrium position. This paper contains six
sections in which are described the problems under
consideration. Sec. 1 contains an introduction to

the whole set of problems under consideration and
gives the examples of the technical applications. 1In
Sec. 2 there is applied the adequate generalized model
of regarded mechanical systems, as a '"chain" of descrete
masses coupled "one to one" with strong non-linear
dampers and springs. The equations of motion for this
system are intrcduced. For so modelled system in Sec., 3
there are discussed the physical conditions of damping
and spring characteristics, i.e. 1if the right sides
of equations and furthermore several conceptions

into theory of this characteristic are introduced. Passing
with the equations to the phase space and marking the
boundedness and asymptotical stability of the solutions
in Sec. 4 the author proved, that the technical real
system generated by using the "finite in time" impulse
is realizing the free vibrations too. In Sec. 5 are
defined the general conditions of the oscillatory
property of motion according to the damping functions
in the arbitrary large, bounded domain of the phase
space. The analogous proof is given in the Sec. 6

in the synthetic sense. In addition some methods of
synthesis are given.
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27:

Skowrorfski, J. M., Ziemba, S. Bouadedness of motion
and_existence and stability of limit regime in strongly
non-linear, non-autonomous vibratiag lumped systems.
ograniczonoscd ruchu, istnienie i statecznodd stanu
granicznego w silnie nieliniowyah, nieautonomicznych
drgajacych ukladach.

Trudy Intern.Kongresa. IFAC Moskwa 1960.
Proc.Intern.Congress of IFAC Moscow 1960-edited by
Butlerworths Sci. Punl.London.

In the paper is considered the dynamical system
in the physical sense, the motion of which can
be described in the geometrized phase space E.“'I&l"'xzn'i')
with the equations iis f; (x,...xM.t) jalo.2n (@) with
the adequate initial conditions. About the functions
of the right sides of this equation, determined in the
region Delta one: (x‘- greater than -infinity and less
than +infinity)it was assumed, that they satisfy
all conditions for the existence and uniqueness of the
solutions of (a)mDelta one., It was further assumed
the conditions of the positive dissipation of the total
energy in the system. The analysis of technical
cases of "“forcing” ¢;(Xg---X,;,,t) 18 introduced.

For the systems {a) with the ultimately bounded
povwer of the forcing source and for a general "bounded
forcing case" it is proved the boundedness "in large"
of the motion of investigated system.

Furthermore, assuming the same conditions, the
convergence of the arbitrary solutions is shown,
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Considering the limit regime "in technical sense"
i.e. the closed limit domaln in which are remaining the
integral curves of motion with t tending to infinity (for
t less than T, where T is some constant value) -it
is proved the existence and asymptotic stability property
of this regime.

For g; (xl...xz,, t) periodical with respect to ¢
there is the unique periodic solubion of {a) to which
tend all the other motions with t tending to infinity
i.e. there is the periodic limit regime in the strict
sense.

The proofs are made with the aid of showing, for
the investigated system, the necessity to satisfy any
sufficient conditions of T. Yoshizawa.

28:
Skowroriski, J. M., Ziemba, S. The quantitative

investigations of the phase-trajectories of strong
non-linear mechanic g; systems by nagng the "deltg"

method. (In Polish).

Ilosciowe badanie trajektorili fazowych silnie nieliniowych
- ukXaddw mechanicznych metody "delta”.

Zag.Drgan Niel, No. 3, 1961.

This paper is a continustion of the previous position
(10) of this edition. There is described the delta method
initiated from Jacobsen and Bonland ~ with generalization
into several dimensional -spacious systems. This is
the investigation on the projectory - planes of the
2n-dimensional, Euclidean, real phase space with the
parallel way of all the projections. In many concrete
examples thereaare given the applications of this
method to the strong non-linear non-autonomous and
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autonomous systems, The general regarded form lu:

e , Py * .) .
Qi= F (zpegu fioe Gat) i

4

with adequate initlial conditlons and :eopurTptions.

ii;wroﬁski, J. M . Ziemoa, S. Additic o notes cn toe
boundcdness of motion .1n Polish).

Pewne uzupelnienis zagainienla ogran.. i &1 rucou,
zag.brgarf Niel. No . 961,

There is giv» = s-ort 11s%i of e oeefione AL
the rdirection ot the boundedness of mo:'v: ry the authors
data in the previour poritione. Ther:: {+ giro glzen a
very simple proof for the boundedness o’ sclut.crS for @
particular case of forcing in the genera! moving sirong
non-linear system. It is provei the nec~uasary condltlon
of hboundedness as a supplement to ade Ju.te gufi-lient
preyLous conditions There i8 a doma. (& the en + .
dimensional geomatv.zed phase-space 11t which all the
solutions of equatiors of motion shou.” - entered a’ter
the finite time.

3

Skouron’akl, J. M., Ziemba, S. The gs:imste-criteria of
the oscillatory property domain rgg_‘j:qg\éf»pﬂ:;m_}_ggl‘
systems. (In English!.

Proceadings of Vibr. Problems FAN, Vq.. 45, 1961 .
Okreslenie kryter16% gakresu wXasnosci oscylacyjnych cle
ogflnych ukXadow dynamicznych.
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There is considered the strong non-linear arbitrary
coupled dynamical system in the phase-space, 2n-dimensional
real, Euclidean, with eguations |

gi = % (?2"‘?n’?z"°f.4) t=1...n (@)

with adequate initial conditions. There are assumed the
conditions (necessary and sufficient) for existence
uniqueness and prolongability with t, ,=), bound;dness
of solutions of (a) and the total asymptotical stabilit
of the isclated singular point 0(0,..,,0)., All the ’
trajectories are the 0* curves, It i1s introduced into
the paper the original, to the technical conditions
adequate, definition of the oscillatory Eroperty of motio
The motion of the system (a) ta the osclllatory motion "
when at least one from the coordinates Qy realises th;
oscillatory motion. The q9; (t) realizes the oacillata
motion while thepre is at least one zero-point of q, (t:?
in the finite time i.e. for t{t, , T) where TS o :o)
Purther it is proved that for the oscillatory pro;ertiu
of motion it is sufficient, to find this property on one
projection-plane excepted from phase-space and in

the second quarter of this projection-plane.

| Purthermore as the example,the concrete criteria of
inves tigation of this broperty are introduced by using
the generalized “delta” method, which was conceived as the
qualitative space tensor by J. Skowrorfski.
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P
Skowronski, Jo M. The oacillatogz property of the
motion of sty on-linear mechanical discréte systems,

(In English).
Wlasnodei drgajgce ruchu sil

nie nieliniowych mechan
ukYadéw dyskretnych. romyeh
Arch.Mech.Stos.Vol, XII, 1961, 2.

The dynamical system
21_"’(;‘(?1"‘?'&'?1"'?4) l=1...nm (a)

- with adequate initial conditions 18 considered in the
2n-dimensional Euclidean phase space,

There are assumed all conditions necessary and
sufficient to existence, uniqueness, prolongability for
t(t . , o= ), boundedness of solutions of {a) and to
asymptotical stability of 1solated singular point
0(?,...,0). All the phase space trajectories are the
o curves. By using some generalization of the conclusions
qr F. Sansone and S. Zieaba according to the plane
systems (for one degree of freedom), in the paper are
glven the criteria of the oscillatory motion for systems
described by (a). It is proved, that in the arbitrary
closed domain of the phase-space the oscillatory-property-

criteria are the same as in the sufficiently little
surrounding region near the singular point. According
to this criterion, we can regard the system (a) with
arbitrary strong nonlinearity of functions £ : as the
comparing linear Sansone's system. The mechigical
concluslons ave glven,
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| 22:

Ziemba, S. The generalized dynamical systems from che
technical point of view. (In Polish).

Uogdlnione ukXady dynamiczne z technicznego punktu
widzenia.
Zag. Drgan’ Niel. No. 3, 1961,

In this baper the general naslderations oa the
arbitrary physical 8ystens with crcentrated Farameters
are given. The author exhihits ine "generai dynamical
systems" represented by the gruus of vranefcrmations
qQ=f{p, t), t2t,, where t-..rameter arg P,q are the
points of phase space, which B8yao ymously describe the
kinetic atate of the autonomcus systems of material
points. These dynamical 8ysteus represent the stationary
field of directions in phase spa-:, 1.e. the right |
sides respondible to these Systems differenfrial equations
do not depend on time explicit. Then thease systems do
not contain the nonautonomous sy stems, However, 1if
the considerations are performed in the space E,, ,
which in the certain general case may be treated as the
phase space, the conditions of dynamical state containing
more broad range of the physica: systems interesting
from technical point of view nay be found. 1In the
space E , ., = (x, veeX, , t) with the assumption of
additional condition g %, = 1 both the autonomous and
nonatonomous systems may be treated as the classical
dynamical systems,
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33:

Bogusz, W. On_the limiting cycles of the self-exciting
systema. (In Polish). o

0 dyklach granicznych uk¥addw autonomicznych. Zag.Drgan
Niel. No. 3, 1961.

In this paper the author deals with a method of
determination of the :imiting cycles for self-exciting
systems of one degree (! freedom. In the first part
of this paper the author gives the definitions of
self-exciting vibrations and general scheme of self-exciting
system and several examples with equations describing the
motion under consideration. FPor these systems the main
problem is determination of conditiona of existence of
the limiting cycles regarded as the periodic solution,
asymptotically orbitaliy stable; this solution is not
constant,

The author adduces several theorems allowing to
resolve this problem, stating however that the determination
of the region of the limiting cycles on the phase plane
i8 practically difficult, Therefore the author used
the method described by him in the paper "Determination
of stability...".( AM.S., b, 11, 1959.) Using this
method the author investigates the equatior: of Van der Pol
and the equation of Rayleigh - the region cf existence of
the limiting cycles in both cases is determined. The
author investigates the equation of the motion of the
self-exciting systems with non-continuous characteristics
by using this method.
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34

Bogusz, W. On the certain type dynamic systems, (In Polish),

O pewnym rodzaju ukXaddw dynamicznych. Zag.Drgan’ Niel. No. 1, 1960
° [ ] » .

Basing on the definition of a dynamic system was
proved the sufficient ¢ ndition or representation of dynamic
system by set of differential equatons of the form

, .
;= F - , t)
‘ (1)
Ass ; (
uming that functions r, {x, 2e0e,X, , t) are
defined and contiruous in reglon — oo < 1 < + oo - oo < T <
¢ ;)
it was proved the theorem that solutions of system (1) T
are defined -
Ie derir 1;;!:2: interval - .= <l + o= , 1f a series
?r K, ver;entq‘ K ilenotes the upper limit
of "the set of functions / },L' (x ?
within the (4o Xiee s Xp ot )

n the circumference of radius R, round the point
(0sce0,0)s The proof ie based upongthe Schauder's theorem
on the invariant point.

3da:

Bogusz, W. Vibration of ¢ L) undations dur the
Process of turbine starting. (In Polish),

Rosprasy Inz. 6, 2, 1958,

Drgania fundamentdw turbin w procesie rozruchu,

See Appl. Mech. Rev. vol. 12, No. 9, 1959, Rev. 4435,
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35:

Bogusz, W. Determination of stability regions of dynamic
non-linear systems, (In English).

Wyznaczanie obszarow statecmosﬁi ukaddw dynamicznych
nieliniowych metoda hodografu pedkosci. A.S.M.5. Vol. 11,
No. 6, 1959.

This paper contains the original method of qualitative
analysis of non-linear system of form

x, = Fp(xg %) %o = F (%1, %2)
It is assumed that functions r1 and £, are determined,
continuous together with their partial derivatives of
the first order and their Jacoblan in the open set is
different from zero. Using two functions F and W
determining the scalar and vector product of vector
T with components (il R iz ) and ¢f the vector Vv with
components (r,_ » £, ) the investigations are performed
on plane (x, , x, ).

From the condition that these functions must be
equal zero are obtained two characteristic equations for
"1" and "a". The behaviour of trajectories in the phase
plane depends on the signs of roots "1" and "a" and on
signs of functions F and W. If the roots 1 are of

opposite signs (two-directional field) then the singular
point is saddle or focus but for roots of the same signs

(one directional field) appears the stable or unstable
center. All cases in plane are involved. For illustration
two examples are resolved. '
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36:

Engel, Z. Nonlinear coupling in the centrifugal<gggulator.
(In Polish). ’ )
Sprzeignie nieliniowe w regulatorze odéiodkowym.
Zag.Drgari.Niel. No. 3, 1961.

The transient process of the automatic control of
the rotations of engines is considered in this paper.
The author investigates the mutual influence of the
centrirugal regulator on the engine when the rotations
are rapidly changing. It is &8sumed the linear damping
and the linear dependency of the displacement of 8leeve
on the turmning moment, but the supplementary moment
non-linear depends on the displacement of Bleeve, The
investigation of Lapunov's stabllity problem is
performed in the phase space. On the .base of the shape
of phase trajectories the author proves that after passing
the disturbance of the regulator the transient
prouvess declines for nonlinear feedback with the stifre
characteristic even when the damping is small,

37: _
Szadkowski, J. On the boundednm large"” of the
autonomous Systems., (In Polish),

O ogranicgzonxici "in large" ukXaddy a.momiczchh.
Zag.Drgarf Niel. No. 3, 1961.

The system of equations is considered by the author

X
¢ ° F(x)

: 0220001-6
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where X and F(X) are the real matrixes representing
the motion of mechanical system of n degrees of freedom
in E 2, SPace and deduced from the system

Gi = Filga,- - 9ns gy -5n)
It 1s assumed that F(X) has the continuous partial
devivatives of the first order in E ., cpece and

F (o) =

without particular ansumptions :f iy
the total positive energy dissi, ati .~ 1r sve =4 ror DXpXip) -
On the base of the aymmetrica. gerrera .~ acoti a

masrix of the set of functiuns k £ uri or the tase of
properties of mechanical systeme a1+ <:.iltite: and

proved two criteria on the boundedness "in large" of

motion of the considered system,

‘orresionding to

38

Szemplinska, W. Pree torsionai and flexural vibrationa
of the cantilever beam with great flexural. {In Polish),
Swobodne drgania akrgpanco zgirijace belki swpornikowe}J
przy duzych ugieciach. 2Zag.Drgen’Niel. No. 3, 1961.

There are considered the free vibrations of the
straight slim cantilever beam as the conservative system
of two degrees of freedom: torsion and flexion . The
equations of the motion are linear and the natural
frequencies are independent on the amplitude with assumptions
of small deflexions. The assumption of great flexural
deflexions has caused the necessity of concerning the

displacements along the axis deformed and n of the
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non-deformed beam and the angle between the axis of
deformed and non-deformed beam. In this the obtained
equations of the motion are non-linear but the non-linear
elements are small as compared with linear ones. To solve
these equations the theory of quasi-linear equations (1.e.
the method of small parameter) is applied. The exact
equations for the beam of constant stiffness and for the
relative deflexions, not exceeding 0.5 of beam length

are derived.

' There are given the formuiae of first approximation
and formulee for correcting the natural frequency. Thebd
obtained formulae allow to investigate the effect of
geometrical non-linearity, which is caused by the great
fluxural deflexions, on the natural £ requencies of beam.

39:
w1lczkowaxi, J. On a certain criterion of convergency of

the motions of the strongly non-linear mechanical discrete
Bsystens. (In Polish).

0 pewnyn kryterium zbleznoscl ruchdw silnie nieliniowych,
mechanicznych ukiaddw dysikwretnych. 2ag. Drgan. Niel. No. 3, 1961.

The paper dcals with the set of the second order
ordinary differentirl equatlons of type:

Xy B (gl oeln) + HiXg o %) = Gy (oo 2y Eg o Zops 2D

i = 1,...,n, describing the motion Or STrong non-linear
non-autonomous discrete mechanical systems of "n" degrees
of freedom. Transforming this set of the equations into

X"l t ki*’g‘ + ufx.,' = ‘f;' (ll"‘xn,’ Xl""fcn.)’wi(x—l'“xn)"'
(;l.(xl...xn,xl...x,,,z‘) z'+1,..-,n.
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that is . . .
i,+/[z-x:.+uf‘x,zo = ;co(xz...xn,yt...'ka,i) z:])...)’z

the author proves that if arbitrary two solutions x and x.*
starting from the arbitrary (different) initial conditions

% ()= 2} £;(2,) 2%
. . anc! _ e A
z; (8,) = v} Z (¢,)=7;
exist, if they are bounded and if
A:Z <7{¢' < ‘/;;,‘ Q /iz._—vl. 2= 2 ...)n

where

t
SF - ff (R, oy By Ty ooy Ton Bl - Ji oy 2y o
[x, = -i-[ "’X,L 0
R{ PR R arbitrary positive constants,
then these sclutions are asymptotically convergent.

40: :
Gutowski, R., On a certain method of integration of equation

of non-linear vibrationsof gxstem with one degree of freedom.

(In Polish).
0 pewnej metodzie calkowania réiaK'drgan(nieliniowych
ukZadu o jednym stopniu swobody. Biul. WAT, IX, No. 4, 1960.

In this paper a criterion of integrality of the
motion equation of a material point with one degree of
freedom by squareness is stated and a method af carrying
out such integration, when this oriterion satisfied, is
given. At first the given equation is replaced by the
system of equations of the first order, the right of which
satisfy some conditions e.q. Cauchy-Rieman's ones. Basic
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conceptions of modified theory of analytic functions,
corresponding to the modified Cauchy Rieman'’s relations,
have been built. Examples of equations that can be
integrated by the squareness, together with a process
of integration and obtaining a solution in a finite
form have been given.

41:

Lewandowski, A,, An investigation of the alternating
character of free non-linear vibprations by means of comparison
with trajectories of linear equations. (In English).

Badanie naprzemiennoé&i swobodnych tZumionych drgad’
nieliniowych na pXaszciyznie fazowej metoda poosnania
z trajectoriami réknan/liniowych. Arch.Mech.Stos. 1, 1958.

Basing on the local comparlson of the trajectory

of the equation with trajectory of linear equation the
investigations of alternativity are given. The author
discusses the conditions of alternativity of motion

and the way of estimation of a region of a phase plane.
The author proves that if the initial conditions are .
represented by one point placing in the internal part of
this region then the motion contains one zero place only.

42 ‘

Kramarz, H., Ziemba, S. JInfluence of non-linear purely
viscotic damping on the character and amplitude of
forced vibrations. (In Polish).

WpZyw nieliniowego czysto wiskotycznego tfumienia na
charakter i amplitude drgan wymuszonych. Biul. WAR XIII,
No. XLVI, 1959.
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Results of investigations of approximative solutions
of differential equation, describing forced vihrationl
of a set with one degree of freedom and non-linear
purely viscous damping were given in this work.

Resonance curves ‘have deen given and 8tability of that
motion has been inveatigated.

43
oawroxfskz. R. zzemba. S. ADMM_LM

wn. (In Polish)e
Zastowsowanie metody delta do badania niektdTych

nieliniowych ukladd%elektroniki 1 automatyki.
Biul. WAT. no. 5, 1958,
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An application of the delta method to analyze non-
linear systems of electronics and automatics is described.
Several examples of using this method to investigate
transient process 1in selr-exciting systems such as RC
generator are given and also in requitive systems
(blocking generator and bistable multi-vibrator) and
in automaiic control systems. Some notes on the application
and properties of delta method. ave presented. This
paper is the second part of the previous paper.

Ly,

Osirski, Z. Wilczkowski, J. Application of the method of
arame t e _approximated solut of the
non-linear equations differential of the aperiodic motion.

(In Polish);

Zastosowanie metody malego parametru do przyblizonego
rozuiazania rdwnari rozniczkowych ruchu aperiodycznego.
Zag. Drsan. Niel. No. 3, 1961.

The paper concerns the application of the method of
smal). parameter to the approximated solution or the
differential equations of the non-linear (aperiodic)
motion. It ia considered the equation of type

X+ Rk +w ,ﬂté:(ﬁgj-xk)
for the case when k>2w.

There 1s derivated the method of resolving the
equations for this case and there are given the foraulae
for the first and second approximations. As an example
of this method the equation of the motion with non-linear
damping is resolved.

4&-# 319 +t Ar : ;»7%
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It is estabilshed that the time of relaxation (i.e.

the time after which the amplitude is e-times smaller

than the initial cne) depends on the initial amplitude,

if the damping is non-linear {on the contrary to the linear
damping).

45:

Osfinski, %. Tnvestigation of internal frictlon of
metals for small frequencies using the “irs:.nal
free vibrations. 'In Poliar

Bacdanie traxcis wc@ngtrzncﬁ; o tarach Lo A g
o . ) ”
czestoscliach metod% swebodnyen 3rgra sweooLay
4. .
i ’, .
2ag.brgan. Niel. No. 3, 1l

To investigate the i-terna; Cricti.n tr-~e s
designed the measuring stand on wnich yuu nene up in the
special handle the investigated sample whicr 1s made
of wire. In this paper the autrcr prescuts the
results of investigations of the three twisted brass
samples. There 1s plotted the diagram of the
masimal amplitudes on dependency of time. The results
of the experiments are gathered on the characteristics on
which 18 shown the dependency of the logarithmic
decrement on the amplitude (simultaneously it shows the
dependency of decrement on the maximal torsional stresses)
and on the frequency of vibrations.

46:

Osinski, Z. Criteria of the alternativity of the
vibrating motion of the system of one degree of freedom
with the non-linear elastic force and with the non-linear
.damling. (In Polish).
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Kryteria naprzemiennoééi ruchu drg9Jacego ukfadu o jednym
stopniu swobody z nieliniowa siZa sprgiyst? i z nieliniowym
tZumieniem.

Zag.Drgan” Niel. No. 3, 1961l.

"In this paper is investigated the motion of mechanical
system described by the equation

cr R(z)+S) =0

where R (x) is the non-linear dampirg filction dependedt

on the velocity only and S(x) the ncn-l)inear elastic force.
By putting on R(x) and S(x) the general conditions R(x)

x> 0 and S(x) ° x>0, in the bounded or ron-bounded interval
x or X, the author defines the criteria of the alternativity
of motion of the system (infinite zero places) or the
criteria of non-alternativity{finite zero places).

The author introcduces the geometric:l interpretation of the
presented criteria by using the criteria "straight line"

and "auxiliary straight line". For all kinds of
characteristics satisfying the above condition by using
these criteria may be defined the alternativity of the
motion in simple and unique manner. Several examples

are given.

47

Osinski, Z. Problem of influence of the simultaneous
action of the different frequency parviodic excit ces
on_a_certain non-linear vibrating system. (In Polish),
Zagadnienie wpiywu Jednoczeanego dziadania sil'wymuezaJacych
okresowych o r6ineJ czestosci na pewien nieliniowy ukZad

drgajgcy. 2ag. Drganoﬂielo No. 1, 1960.
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This erticle deals with the influence of the simultaneous
acting cxciting forces of different frequencies on the
vibrating system with one degree of freedom and with
non-linear damping characteristics. It was p?ovideq. 3
that this characteristic may be expressed: ')Y(’Z)’ AZ t p X
The problem is ccnflined to the investigation of the
equation of motion

’}Z*a%*-wz% 1‘/&703 = f:"” myl + 715”7 /2

The author resolves this equation using the modified
method of a little parameter, assuming’/‘”to bc the
1ittle parameter. The remaining coefficients may be
of arbitrarily grzat values., The case m = land 1 =2
is discussed. There 1s indicated the existence of
dislocatiol. of ti:e center of vibrations when
(and it takes place for this ratio cnly) and also
the mutual influence of the amplitudes of the
exciting forces on the amplitude of vibrations. At last,
the author points to the possibllity of cesigning
the damping chafacteristics by the investigation of the
motion of system influenced by two forces,

48

Osinski, Z. Generalization of as toti u 's
method in the theory of the non-linear vibrations of the
non-autonomous gystems with heavy damping. (In Polish).

Ubgéinienie asymptotyczne] metody Bogoliubowa w teorii
nieliniowych drgan’ ukZadéw nieautonomieznych dla
przypadku silnego tZumienia. 2Zag. Drgan. Niel.No. 1, 1960.
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Developed by N. N. Bogoliubov, the asymptotical method
for the solution of the differential equation of the
vibrating motion of the non-autonomous system is
applicable only intthe case of light damping, even in the
case of linear equation. The author gives the generalized
method permitting to resolve the equation in the case of
heavy damping. The form of the investigated equation is

/if(l¢,+wl¢’=ﬂ§/¢'/p'rg) (l)

We have in this equaténn an arbitrary heavy linear damping
while the non-linear part of the damping appears with

a little parameter., There is given also the maniiexr of
solution by this method of the equation:

¢+d¢fw‘¢-,a/‘,'/¢,¢)+/j(1f5) (2)
where the exciting force does not appear under the 1 ttle

parameter. For this purpose the equation (2) must by
transformed to the form (1) in the way shown by the author.

49;

Osinski, 2. Influence of non-linear characteristics of
internal friction damping on_forced vibration. {In Polish),
Wpiyw nie liniowe] charakterystyki tXumienia tarciem
wewngetrznym na drgania symuszone. Rozpr. Inz. VICVIII,

7, 1, 25-37, 1959. See Appl. Mech. Rev. Vol, 12, No. 11,
59, Rev. 5377.

The authop attempted to find the method of evaluation
of non-linear damping characteristics. He has assumed that
damping i8 non-linear function of velocity EW):av t by‘{

: -6
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Then the influence of the non-linear dampirg on forced
vibration due to the periodic, sinusoidal force on the
system with one degree of freedom with linear elastic
characteristic is investigated. The differsntial equation
of motion with approximative method being the generalization
of method of smail parameter is resolved.
The generalization is introduced on the assumption

that the small parameter appears only in non-linear

part of damping but it is not contained in linear

part of damping and external force, Thc author has shown
the influence of ncn-linear part of damping on the amplitude
of vibraticne D ané disalpative energy E, and 21s8c on

the aversze power ¥ of actlng force for case of

fundamentael reescasunce. The influenca of amplitude

of externai force g on the rate D/q, E/q % , N/q~ 18
observed., In connection with this, the folLlowing
conciusicn ir ohbtained: the non-linearity o¥ Jamping
craracteriztics may be evaluated by wsaus ot e
investigaticns of the effect of the ex2iting Boree on

the forced vit "atlcns.

50:

Osinski, Z. Certain graphical manner cf approximative
solution of differential eqguation of forcad vibrations of
systems of one degree of freedom. (In Poluish).

Pewlen sykreslny sposdb przyblizonego rozw.szania
rézniczkowegc ~dwania ruchu drgaﬁ'symuszonych ukfadu o
jednym stopniu swolLody. 2eszyty Nauk. Folitechn.
W-sklej, Mechanika 6, 1956.

In this papar 18 given the graphlical method cf
approximations resolving an equation of forced vibrations
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of one degree of freedom, concepted by the present

author. The form of this equatéon is ,;,‘R('i) +e(x)=F ).
This method may be particularly applied to

approximate resolving the non-linear equations. The

diagrams of damping characteristics R(x), elastic force

c(x) and external force may be obtained. Using this

method both the phase trajectories on the phasge plane

V 0 X and the integrai curves x = f, (t) and v = fz (t)

are plotted.

51:

Osinski, Z. Yorced vibratiops of a syagtem of ope dearee
of freedom. due to perlodic forced. with damping
charackeérized by a strong non-linearity. (in English).

Drganlia symuszone siYami odresowymi uk¥adu o jednum
stopniu swobody przy dilnle nielinlosym tIumieniu,
AMS VOlo XL, l’ 1959.

The author investigates the influence of non-linear
damping characteristics on the motion of the system of
one degree of freedom, influenced by periodic force.

The differential equation is

2z + PE)+ w2 = F(F)

On the basé 'of the second R, Caccioppoli theorem is
proved the existence of bounded motion and asynptotically
tending to periodic motion of frequency equal to

frequency of external force for characteristic of damping
unbounded from above. Using the integral equation the
author hss proved, that if certain conditions concerning
initial conditions, forced amplitude and parameters of
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of system are satisfied, the solution of the equation
is bounded. It tends asymptotically to periodic
motion of frequency equal to frequency of exciting
force.
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